5 Probability: the mathematics of randomness

The theory of probability is the mathematician’s description of random variation. This

chapter introduces enough probability to serve as a minimum background for making formal

—_——

statistical inferences.
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5.1 (Discrete) random variables

The concept of a random variable is introduced in general terms and the special case of

discrete data is considered.
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5.1.1 Random variables and distributions

It is helpful to think of data values as subject to chance influences. Chance is commonly
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Definition 5.1. A random variable is a quantity that (prior to observation) can be thought

of as dependent on chance phenomena. '
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Definition 5.2. A discrete random variable is one that has isolated or separated possible

values (rather than a continuum of available outcomes).

Definition 5.3. A continuous random variable is one that can be idealized as having an

entire (continuous) interval of numbers as its set of values.
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Example 5.1 (Roll of a die).
LIS+ of possible valuesS.

X = roll ofF G-sidcd fair die = 1,3, 3.9, 5. 6

J= ron of G-sided unfair die -1,3,39,5©
N = ro
How do disfinovish ke X and YT
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Definition 5.4. To specify a probability distribution for a random variable is to give its set

pR—

of possible values and (in one way or another) consistently assign numbers between 0 and 1 -
—_ e

called probabilities - as measures of the likelihood that the various numerical values will occur

Example 5.2 (Roll of a die, cont’d).
a fair dice 4o \(Tad <N e Nnumbor 3

we expedct
roUshly one out of ewery o toSscs,

l
p(x=3]=7¢
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suppese  the upfall dice 3 wer ohteat so Hhat
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A
PC7=3] = aa
(pwe! <=5 standS
) for palfhculac Vglue
of RV
peobabily et X Rw N ' , ; \ : 6

Eair a’'ct
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Example 5.3 (Shark attacks). Suppose S is the number of provoked shark attacks off FL

next year. This has an infinite number of possible values. Here is one possible (made up)
distribution: = <<" +aRe on valvueS 1,2,3.4
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5.1.2 Probability mass functions and cumulative distribution functions

The tool most often used to describe a discrete probability distribution is the probability mass

function.

Definition 5.5. A [.)robability mass function (pmf) for a discrete random variable X, having

possible values x1, s, ..., is a=non-negative function f(z) with f(z;) = P[X = 1], the

probability that X takes the value x;.
we can alss wride X for the pmF of X cad F5 Pr
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Properties of a mathematically valid probability mass function:

1 f(X)Z O For a X ¢po Sihve pro'L»qLih—Hed

2. 5_F(x =1 (sunm -o 1)
A

A probability mass function f(z) gives probabilities of occurrence for individual values.

Adding the appropriate values gives probabilities associated with the occurrence of multiple

values. prx o %, ar X5 ) = PfX:ijinX: 2a]

Example 5.4 (Torque). Let Z = the torque, rounded to the nearest integer, required to

loosen the next bolt on an apparatus.

z 11 12 13 14 15 16 17 18 19 20
f(z) 0.03 0.03 0.03 0.06 026 0.09 0.12 0.20 0.15 0.03

Calculate the following probabilities:

- 2 z2=14]
_pPLZE=1l o Z=1 or 2z13 or i
_prz=nl+rCz=(2]+ prz=13)+ PCZE=14 ]
= femAF2D+ Fr13) + F£UH)
- 6.03+0.03+0.03%F 5. 06 <

P(Z < 14)

o.(S

P(Z>16)" Ffz:f‘? of Z:E or g'—[? or z:ad]
eI FUD T fa&al+ fa9

- o lat 0.a0+F oI5+ 03 0.5

_plZ:12 or 2714 ¢ Z=1g et BE=IT =7 z-_-ac,]
~ ECa) + FHI* £CIC) + F£(13) + €£(a0)

- 063+ 00E + DB 06T *tQaActE 63 <a 4l

P(Z is even)

P(Z in{15,16,18}) = PCZ =5 of 2706 br)i-"—(‘e?‘]
= €C15)+ £(16)+ F£<IF

5 = 5.26+0.69+ 03 = 055



Another way of specifying a discrete probability distribution is sometimes used.

Definition 5.6. The cumulative probability distribution (cdf) for a random variable X is a
function F'(z) that for each number z gives the probability that X takes that value or a
smaller one, F(x) = P[X < z].

Since (for discrete distributions) probabilities are calculated by summing values of f(x),

F(z)=PX <a]=) f(y)

y<z

Properties of a mathematically valid cumulative distribution function:

1L E(X)Z20 for all real numbers 2
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Example 5.5 (Torque, cont’d). Let Z = the torque, rounded to the nearest integer, required

to loosen the next bolt on an apparatus.

z 11 12 13 4 15 16: 17 18 19 20

F(z) 0.03 0.06 0.09 0.15 0.41 050 0.62 0.82 097 1

1.00 ——
oo
0.75-
— ——o0
S 0,504 —o
L o—0
0.25- }((15)-—-,0[2:5]:0.26
o b
0.00- 40—9_9_0 | | |
12 15 18 21

Figure 1: Cdf function for torques.

Calculate the following probabilities using the cdf only:

F07) = PCZ £ (0.7 1= PLZ<(06]=0O

pPiz<155) =p (22153 =041

P121<Z<14) = PLCE= 13 er z=14) B r o
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Example 5.6. Say we have a random variable () with pmf:

¢ flo) F3)
1 034 031
9 01 0411
3 022 OGS
7 0.34 {
Draw the cdf.
N
l e
qu.n .
¢
oS+
o——o
&——0
03T !
. AN
,T @ . . — | |
! - 3 9 S G'



5.1.3 Summaries

Almost all of the devices for describing relative frequency (empirical) distributions in Ch. 3

have versions that can describe (theoretical) probability distributions.

L lapob abilifj histegrams (ist ggrams bered on teortheod rngal,l‘t,'#cs)

2. mean (measure of locwtion)

5. varaa(e ( meagurt of $peed)

Definition 5.7. The mean or expected value of a discrete random variable X is

EX = xf(x)
// T
E(‘() &—— Somehmty dencted

‘Ex s 'h"- woijl—de«] qvuaac gf a.u‘;oss:uc Va'u.ts
of X '\,Jezlsud lpj e r Prol.)ﬁ bolh'es.

EX 15 4 mean of 4e dastribution of X.



Example 5.7 (Roll of a die, cont’d). Calculate the expected value of a toss of a fair and

unfair die.
z 1 2 3 4 5 6
g(l‘ﬂ = PX=2 1/6 1/6 1/6 1/6 1/6 1/6
y 1 2 3 4 5 6
PlY =y] 5/22 7/44 1/22 7/44 2/11 5/22
Fw L 509

- |( Yo 2(4) + 3(3)+ ‘f(;';)*-'i(%)“"(%)

- 3.5

Unfair dre”

£y: | (2)r20) 6 )+q($)*5(%)+c(£)
= 3.9901

Ne aveaye roll ~f T unfarr die 15 3.5707,

lnighas Ban b v i
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Example 5.8 (Torque, cont’d). Let Z = the torque, rounded to the nearest integer, required

to loosen the next bolt on an apparatus.

z 11 12 13 14 15 16 17 18 19 20
f(z) 0.03 0.03 0.03 0.06 026 0.09 0.12 0.20 0.15 0.03

Calculate the expected torque required to loosen the next bolt.

EZ = [1(o3)F 12Lo3)+ 1> (.03) +-ooo+ 20 (:0Y)

= (6.5

e Cl.‘v&ra-Je -"'or-\vc Mtluﬂu., +o loesean de next boH‘

\
Definition 5.8. The variance of a discrete random variable X is M
-£x)%] 2
., 2 El(x-E¥ E(x) _ 0
WA VX =Y (e - EX)? () = Y2 f(2) - (EX)%
’ 2 7 N— —— 7
€ = Ver(¥) "~
The standard deviation of X is v/ VarX. Oompuj‘ﬁj‘ '9/\5«“7,
sO(x)= ¢ easier
(wotation)

T venance \s A average 5105/*-0‘ ’@““’h""\ °f' a FG«Jom
Varfﬁlﬂlc fwm (tg mean.
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Example 5.9. Say we have a random variable () with pmf

q f(9)
1 034
2 0.1
3 0.22

7 0.34

Calculate the variance and the standard deviation.

ng ua?:
CQ = 103 +2(1) +3(2) +20C31) = 3.69

Nav Q= (1-359)"(34) + (2-3590C0 + (3-3.59)7(-2)

+ (7-3.59) (-31)
= (.5¢

Short wey:

(@) = 2P
L+ Q00 +9C22) +49(34)
= 1153

Ver @ = E() - (€4) -
=\2.3% - (3.59)
= (.56

\)
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Example 5.10 (Roll of a die, cont’d). Calculate the variance and standard deviation of a

roll of a fair die.

EX=3,5

EYL:"IE('] 4 +q+ (b +’J.S+36)
= |G |+

Jar X = EXR = (R
= 1511 —(35)°
=22

$dX) = Jvax = 17!

5.1.4 Special discrete distributions

Discrete probability distributions are sometimes developed from past experience with a

particular physical phenomenon.

On the other hand, sometimes an easily manipulated set of mathematical assumptions having

the potential to describe a variety of real situations can be put together.

One set of assumptions is that of independent identical success-failure trials where

L Thet 15 @ tonstanl Chance of success ©n each rpehhon of he
scenvrio (prelosbility p)

The chhbns art {hdﬁw - t.e. Khowing he outcome of “ny
one :F’\«.m Joes nel d»&.«je aiscﬁm&h af chence relord

"‘lv Cnur OM-

2.
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Counsider a variable

X = the number of successes in n independent identicalf success-failure trials

Definition 5.9. The binomial(n,p) distribution is a discrete probability distribution with
T
heme Comej

pmf l
flz) = {a;!(?x)!pm(lp)nz r=0,1,...,n ‘GV‘M M

' * Decortrm
0 otherwise bnomict

for n a positive integer and 0 < p < 1.

Examples that could follow a binomial(n, p) distribution:

- th’slr e-F %ﬂ‘ﬁm"’j P‘"‘h W a Pa:h,l. of w=6o P!“t.ﬁ mede I’D 'S Wl&oLnl\(
— Nuwbe, of vunas e{. e same chemicd 'y-oc:{s u/ % .J.'gld abovt 80%,' ",,u\ gom

ven fhe 'mmu (000 fnes.
— Number of rivets e fai) in abollem o N=2S Avets wifhh 3
N et of afmm.
Nete - “Success” doesw's haw do be qaml.
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For X a binomial(n, p) random variable, ehat’
gom

wp Cheo Se

p=EX=>uz (1 — '
N J* PCY %)
o2 = VarX = Z T —np) mp “(1—=p)" ") =np(l —p)

=0 —_

Example 5.11 (10 component machine). Suppose you have a machine with 10 independent

components in series. The machine only works if all the components work. Each component

succeeds with probability p = 0.95 and fails with probability 1 — p = 0.05. Lilhy © {,
f*"r‘l(afh‘f”h ‘7-:' =)
or ‘F'I' :"7

Y ~ Binomial(zj_&p = 0.95)

Question: what is the probability of the machine working properly?
(FE—G @
p(1=7

P (mackine workig)= P(1=10)

| =
"
/o
n-x) ' x!
b v
A~ -
0 —
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Example 5.12 (10 component machine, cont’d). What if I arrange these 10 components in

parallel? This machine succeeds if at least 1 of the components succeeds.

What is the probability that the new machine succeeds?
Plnew medhine sucu.eoh-a): [ = PC new madhing -Fu,*l.;,,)

|- (a” Oomr)pfl%-rs ﬁ#‘m,)
=1 -P(y o)

=l - loi Pé(lﬂlo)m -

= 1-(o5)"

r~
~ |

Example 5.13 (10 component machine, cont’d). Calculate the expected number of compo-

nents to succeed and the variance.
EY= h-F = 10-.9§ = 9.5 fo he Mumbe. of coM,,me-J; +o Guaec./
on awa?b per rea s 5

VarY = m(g (l-f.) = 16-.95 ((-.95) = 925

SD (7) = ,E\I‘&,f = \‘nr(l-r) = . ‘J7

16



Counsider a variable

X = the number of trials required to first obtain a success result

1 Pﬂ.ﬂlm
Definition 5.10. The geometric(p) distribution is a discrete probability distribution with

pmf / Lones fre

1—p) !t 2=W1,... ‘omcthc
f(x) = Pl -7) | J Senes.
0 otherwise
for 0 <p < 1.
%md‘t\ﬂc(@
Examples that could follow a Binormattrspidistribution:

~ Numbtr of rells Of o fair die Uahl Yoo len don a6

— Num'vtr of sk.‘pmea‘b 0{: rew multnal uanl Douﬁq' a de,f(d:‘n one
—_ pumlgr a.F L\eafamfnc ellets Yow make L,vefore you e ke

One Md&'—Sﬂ“" ‘O AN
— Nu-m|y—-’ o{'l,.,.ps “Huv'l' ot luqu, Yours.

‘jza 0.2 i 0.5 0.8
150-
100-
c
>
o
(&]
504
0_ —
T T T T T T T T T T T T T T T
0 5 10 15 20 0O 5 10 15 20 0 5 10 15 20

data

Pfa‘oa';iu’fj decay ax xwl'wtascs (.a‘l'& fosk, rete @y P
InCrecseS)



For X a geometric(p) random variable,

1

2 -1
u:EX:z:'xp(l—p)x =

2 g 1 ? x—1 1_p
o’ =VarX =) |(z——) p(l—p)* ' = 5
=4 p D

Cdf derivation:

7‘“"‘1"p(l-(l)x_l for X=\ 2, multes iaheihie semse, For X T Juke
f Ve x, Aert must be X1 Gattenth e fallupme reselts Follopedt L-]

\ Suol‘”'
e 6 X~V derms (l"'r) — fuilue probabibing,
Cutd 1 Jefm P — Sul(less rﬂl’aL'Lt'b.

nn"'h""’ Wwey o Aninle ‘b'”‘-»f ’h’uli'.
| - FGA) = |- p(% £%) P
= P(X2%) /Q" e v Bkr"r(n.
, (o
= ‘9( X falurt outcomes 1 X Mals)

:'DC_T.T;x)!F (‘_F)
= (-p)

—> 1-FGY = (-pY
D' 4
E(x) = \—(l-—fﬂ X=1,2,. -
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Example 5.14 (NiCad batteries). An experimental program was successful in reducing the

percentage of manufactured NiCad cells with internal shorts to around 1 /
(1% T be he -|'“+ aumber at which o st S‘w.,f l““i“b‘ﬂ/‘ =7 T~ (‘co,... (P)

Calculate

¢=°\
P(1st or 2nd cell tested has the 1st short)
=P(T=) onT=2)
= $(0 +£(2)
= p(l-p)o-l- p(l'(’)
= .06 4+ .0 (\-.01)
= .0
P(at least 50 cells tested w/o finding a short) = P (T > 5o)
| = p(T<50)
- F(59)
=\~ (\- (-\__P)l;o)
(1-p)*°
= (1—o0" = .6l

\\

\\

Calculate the expected test number at which the first short is discovered and the variance in

test numbers at which the first short is discovered.

ET .'_P.__‘_ L = Joo Jests for he frst sLoff"bQPFW,
©aA c._wa?e.
— \=p _ |-.e6l
\lﬂ-r \ - S - qqao



It’s often important to keep track of the total number of occurrences of some relatively

phenomenon.

Consider a variable

X = the count of occurences of a phenomenon across a specified interval of time or space
P ?g(om-u\f-r Sixed
Definition 5.11. The Poisson@ distribution is a discrete probability distribution with pmf

6723‘1 r=0,1,...
fl)=9 °

0 otherwise

for A > 0.

These occurrences must:
1. |oe, l\ndependh\‘l'

2. be Sanlvuﬁd in hme (llo Ao 6LLW Al aﬁ'on(‘q)

3. 00tvrs ¥ he Game lomsta~t rmte, A

A, The vate peamcter s Me cxpcufe.‘ Rumbe, of octurences 1o

M 3‘)4:6\“FU| (+ berved ‘-l:‘l"""- or SPR.CQ.

Examples that could follow a Poisson(\) distribution:

-~

Y st numbher of sharle attacks sff o toas + of CA nex+

70,&(‘ | 2 =loo q_hdﬂ/ v eer

=t numier of phelC wlndks off fe Caaitof (A next meoatl

Az leo /1L = &-33) aﬂh&l/monﬂ.

N e mrbar of B petieles emitld o o rmall b of plido
r{_,‘)\\‘hrtd L‘j @ Glelhjc' Covnt, (n ‘{Ml:ﬂufc) q;‘-lfs-?,’.zlfﬁfﬁ‘cfe_y

’“JJ\M-‘(.

T b5 e aum of prteles por by, D= 135524 padeles/
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1004

count

504

0 5 10 15 0 5 10 15 0 5 10
data

Y-;gL\,"' slfewed LJH’L\ ‘)el\rl"' Near ’)

For X a Poisson()) random variable,

od —/\)\:c
p=FEX =Y 2" =)
o S
) o0 5 e~ \T
J:VarX::;](m—)\) 0 :_)_\_
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Example 5.15 (Arrivals at the library). Some students’ data indicate that between 12:00
and 12:10pm on Monday through Wednesday, an average of around 125 students entered

Parks Library at ISU. Consider modelin .
' § 125 vhwdeats rnr [O minuntfes

M = the number of students entering the ISU library between 12:00 and 12:01pm next Tuesday

—_— TT—

Model M ~ Poisson(A). What would a reasonable choice of A be?

Y= 125/h0 = 125 shueds bar minute.

Under this model, the probability that between 10 and 15 students arrive at the library
between 12:00 and 12:01 PM is:

P(losm < 15) = £ () + FO)+ H)+F()+ $O0)+ £05)

-12.5 '? _as It —12.5 15
e (s) g (s |, e (hs)
|o! 1K 15!

—
—_—

= 0.6

22



Example 5.16 (Shark attacks). Let X be the number of unprovoked shark attacks that
will occur off the coast of Florida next year. Model X ~ Poisson()). From the shark data
at http://www.flmnh.ufl.edu/fish/sharks/statistics/FLactivity.htm, 246 unprovoked shark

attacks occurred from 2000 to 2009. 211 6 a#ad’g Flr Io ‘7¢¢f5

What would a reasonable choice of A be?

% =260 = Q4. 6 atlacks per yeur

Under this model, calculate the following:

P[no attacks next year] = P (X = O)
= .S-(b)
o
= g2t (210)

—

of
X .63 x 167"
Plat least 5 attacks]
= p(%x=z5%)
= |- p(x<5)
1o [0+ O+ -+ () .
= |- -24.6 !_:;_('._'.*_ 2'1,“4_1‘1.‘ ,o 4._'_1_:_',:."_.)
~ ,491911¢
P|more than 10 attacks| —
[ t tt - P(x > lb)
wort =l-pP(xsle)
v _ —2b [ S 246
TV g0 = -l Zas]
= (,’L" x=6
-~ : _ \_; -e"?,‘l.‘ [3‘2“ S’lz.]
43

= 0.919 M
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