5 Probability: the mathematics of randomness

The theory of probability is the mathematician’s description of rando This

chapter introduces enough probability to serve as a minimum background for making formal

statistical inferences.
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5.1 (Discrete) random variables

The concept of a random variable is introduced in general terms and the special case of

discrete data is considered.
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5.1.1 Random variables and distributions
It is helpful to think of data values as subject to chance influences. Chance is commonly
introduced into the data collection process through
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Definition 5.1. A random variable is a quantity that (prior to observation) can be thought

of as dependent on chance phenomena.
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Definition 5.2. A discrete random variable is one that has isolated or separated possible

values (rather than a continuum of available outcomes).

Definition 5.3. A continuous random variable is one that can be idealized as having an

entire (continuous) interval of numbers as its set of values.
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Definition 5.4. To specify a probability distribution for a random variable is to give its set

of possible values and (in one way or another) consistently assign numbers between-

called probabilities@as measures of the likelihood that the various numerical values will occur
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Example 5.3 (Shark attacks). Suppose S is the number of\{)rovoked shark attacks off FL

next year. This has an infinite number of possible values. Here is one possible (maﬂde up)
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5.1.2 Probability mass functions and cumulative distribution functions

The tool most often used to describe a(discretaprobability distribution is the probability mass

function.
L e

Definition 5.5. A probability mass function (pmf) for a discrete random variable X, having
possible values x1, s, ..., is a non-negative function f(z) with f(z;) = P[X = 1], the

probability that X takes the value ;. -f(x;) = P[x '—'-‘X.;] ¢=1,2,--

We cxn also wrte § for e pmf of K



Properties of a mathematically valid probability mass function:
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A probability mass function f(z) gives probabilities of occurrence for individual values.

Adding the appropriate values gives probabilities associated with the occurrence of multiple

values.
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Example 5.4 (Torque). Let Z = the torque, rounded to the nearest integer, required to

loosen the next bolt on an apparatus.

z 11 12 13 14 15 16 17 18 19 20
f(z) 0.03 0.03 0.03 0.06 026 0.09 0.12 0.20 0.15 0.03

Calculate the following probabilities:

P(Z§14)= P(%:“ or 2:—”_ tr%'-'-‘s 0#%.‘.‘-]‘1)
= p(z=W+p(2=n) +P(R=D) T P(2= )

= §(0y+ ) + £+ F(14)
> 0.03+6.03+ 0.0 + 0,06 = 0.15
P(Z>16)= P(2=\3 or Z= 1§ 0r THU Y 2>20)
= P> ((2=19) +Plz=1) #Z =)
= s~ £ + $0(0)+ £ ()
= oAL> 02 + 015103 = 05
P(Ziseven) = P (2=1Zor 22t o T=lb or 2218 oo 2=20])
- {'-(l’l-) 4—.“-(1'1].1— -f—(lb) +L0O%)r f"u)

= 03 + cO‘ r :0‘[ + .‘?..0"‘ 003:‘- o"'

P(Zin (15,1618) = p(a=15 o 2516 or 2218)
= S,(ﬁ)f-f'(“-)"":':(\ﬁ): 20+.09+.2=.85
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Another way of specifying a discrete probability distribution is sometimes used.

Definition 5.6. The cumulative probability distribution (cdf) for a random variable X is a

function F'(z) that for each number = gives the probability that X takes that value or a

smaller one, F'(z) = P[X < z].

Since (for discrete distributions) probabilities are calculated by summing values of f(x),

cdf pmf
F(z) =P[X <a]=)_ [(y)

y<z

Properties of a mathematically valid cumulative distribution function:
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Example 5.5 (Torque, cont’d). Let Z = the torque, rounded to the nearest integer, required

to loosen the next bolt on an apparatus.

z 11 12 13 14 15 16 17 18 19 20

F(z) 0.03 0.06 0.09 0.15 041 050 0.62 0.82 097 1
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Figure 1: Cdf function for torques.

Calculate the following probabilities using the cdf only:
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Example 5.6. Say we have a random variable () with pmf:
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5.1.3 Summaries

Almost all of the devices for describing relative frequency (empirical) distributions in Ch. 3

have versions that can describe (theoretical) probability distributions.
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Definition 5.7. The mean or expected valug of a discrete random variable X is
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Example 5.7 (Roll of a die, cont’d). Calculate the expected value of a toss of a fair and

unfair die.
x 1 2 3 4 5 6
PX =2z 1/6 1/6 1/6 1/6 1/6 1/6
Yy 1 2 3 4 5 6
PlY =y 5/22 7/44 1/22 7/44 2/11 5/22
far M- ) | 4
BX = Zaxflx)= l(l?) ¥ 2("}‘,) + J("Z) r H[E) +s(3)* C(;)
x

=135

ate Mo’ |
" EY = Zxft = (=)&) - 3(‘53.) + ‘1(—:’%) ¢ 5(%%((%)
=3.6909
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Example 5.8 (Torque, cont’d). Let Z = the torque, rounded to the nearest integer, required

to loosen the next bolt on an apparatus.

z 11 12 13 14 15 16 17 18 19 20
f(z) 0.03 0.03 0.03 0.06 026 0.09 0.12 0.20 0.15 0.03

Calculate the expected torque required to loosen the next bolt.

EZ = |1 (031 + 12(.03)% 13Le3) +11l.0¢) +15020) +Hl09)+ 13 (1) +
1§ (2 +190L15)+ 20(.63)

3 |L.35

o drmgge gyt vequinddo lootn e nertbolF o5 1035 s,

Definition 5.8. The variance of a discrete random variable X is
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Example 5.9. Say we have a random variable () with pmf:

q f(q)
1 0.34

2 0.1
3 0.22
7 0.34

Calculate the variance and the standard deviation.

v Ea__ ‘(3\‘)*‘)_(1)4'3‘.11)1'?'(3“‘):3 S¥

Var 7 (4 LQ)HP = (1 -355)¢3+ (2-350 1) + (3-3.59) (:22)
+ (3 - 3.56) (.31)
= ¢.56

sy\ofj WAl

EQ' = zﬁ‘“‘])
umwm +q9(22) +49(.34) = 14.39

e
—

Var Q= E6G"- (EQ)
=13 - (3.9" = ¢.5¢€

(@) = J €56 =2.5¢2
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Example 5.10 (Roll of a die, cont’d). Calculate the variance and standard deviation of a

roll of a fair die.

Ex:3.5
)= 144wt e ket a5t 3

= 15.1%

VarX= Ex-=EX)’
=15.1% - (3.‘5')1
= 2.4w

sD(x) = J2a, = |.#0°%8

5.1.4 Special discrete distributions

Discrete probability distributions are sometimes developed from past experience with a

particular physical phenomenon.

On the other hand, sometimes an easily manipulated set of mathematical assumptions having

the potential to describe a variety of real situations can be put together.

One set of assumptions is that of independent identical success-failure trials where

1 T s aconstent chenct of Success pufLome on ¢ Ly ,..rdﬂ-.»..{: e SCeans

(om0 ahilhy of Succeds ) |
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Jody not Chonge aggessimetsof chence reltd o awy ofiis).
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Counsider a variable

X = the number of successes in n independent identical success-failure trials

dvs L
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* Definition 5.9. The bmomial(n,pz distribution is a discrete probability distribution with

oS b itinet .
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For X a binomial(n, p) random variable,

I.,\om" \e
SL"}a / ,[g{Ma.
p=EX= t(, ,p (1—=p)" ") =np
zl( =

o? = VarX = Z T —np ((Hix)!pz(l —p)"*) =np(1 —p)

=0

Example 5.11 (10 component machine). Suppose you have a machine with 10 independent
components in series. The machine only works if all the components work. Each component

succeeds with probability p = 0.95 and fails with probability 1 — p = 0.05.

f(suuh orfui'ufc] = 2 l-f’ - |
Let Y be the number of components that succeed in a given run of the machine. Then

o # of i'n‘e-“/_,, f,,L,..l.:u")v b succen
Y ~ Binomial(n = 10, p = 0.95)

Question: what is the probability of the machine working properly?
1% (madm‘q. mr“"»:ﬂ =9 (q,ll wmroncﬂb “”k)
o =p(y=10) = $Qe)

(- 164 (10-10) ! ) PP - p
3 3\”_/@15 Cos)*™ . (ol=)

= 0.518%F [t vy rhchle)

- V| ——

(HH R
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Example 5.12 (10 component machine, cont’d). What if I arrange these 10 components in

parallel? This machine succeeds if at least 1 of the components succeeds.
What is the probability that the new machine succeeds?
P(hew machine Guuuls) =\ = Plhew madhic Fuils)
= 1= PCall wuponerds F=il)
=1- P(Y=0)= -4

- |o. o \0-0
l- 0['“', lqs ('o‘;)
1o
= \-.0
~ |

e
—
N\

==

Example 5.13 (10 component machine, cont’d). Calculate the expected number of compo-

nents to succeed and the variance.

EY=np=10.45 =45 So he avmbe of mpoats o succced o,
: e bnarsge s 4,6

Narf = npli-p) = 10€15) (.05) = .25

g’D(ﬂ"’ ,l Vw'f' > 699
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Counsider a variable

X = the number of trials required to first obtain a success result

{l pece meter

Definition 5.10. The geometric(p distrilzution is a Siscrete probability distribution with
g,wu" 2 i lares. et 2 Il

p(l—p&= x=1,...
f(z) =
0 otherwise
for 0 <p < 1.

Examples that could follow a geometric(p) distribution:
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~ Nvahe o Lases ot Lone befoe gous

f - 0.2 05 0.8

150+

100+

count

504 *

0_ -

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
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For X a geometric(p) random variable, .
g (p) e e

/T

< €&
p=EX=> "zp(l—p)" " ==
z=1 p
2
> 1 1 _
02:VarX:Z<x_> p(l_p)x—lz 2]0
z=1 p P

Cdf derivation:

£0(c)= p(l-f‘)x" Lo =202, wales it S . B X e tmke
Vol 2, Aure st e X1 follwes Llloved log A success,

?

J
' TRTTY TR
A"“M w“j 4o Ak OF s e o

Fo)= P(Rex) (b wkie)

-J/ L
— — >
| -Fle) = | -P(x¢%) & ; ,
X
= p(X=x) o (e, p
= P()C foilue ovflomes 1n X ‘}n:&,',) rov,

xX. o X0
= 5G9 P (\-p)
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Example 5.14 (NiCad batteries). An experimental program was successful in reducing the
percentage of manufactured NiCad cells with internal shorts to around 1%. Let T be the test
number at which the first short is discovered. Then, T~ Geom(p).
L P =.0f
Calculate
P(1st or 2nd cell tested has the 1st short) (‘r | ov T= 7_,)
=50+
= P(\—-P‘i ‘i P(l p)
- M(qﬁ) + .0 (’l“)

= .02
=33
—2 82 "T 3
T291°" - 'i"'
5 p00= ZFCT
P(at least 50 cells tested w/o finding a short) = p (T ? 50) ,; st ol
=l-pP(T<so
\P—f("‘\../"‘—") ¢DF
- 1 -F(5)
So
=1-0-Ci-p) )
- i =n)¢ o
=0-p"= a9°
c 0.6l
Calculate the expected test number at which the first short is discoveredland the variance in

test numbers at which the first short is discovered.

Var |




It’s often important to keep track of the total number of occurrences of some relatively rare

phenomenon.

Consider a variable

X = the count of occurences of a phenomenon across a specified interval of time or space ,

Definition 5.11. The Poisson()j distribution is a discrete probability distribution with pmf

67;,” x=0,1...
fl@) =4 "

0 otherwise

for‘)\ > 0.
rafe Po/um;lcr
These occurrences must:
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Examples that could follow a Poisson(\) distribution:
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For X a Poisson(\) random variable,

St 6—/\)\50
p=hA= Z%x x!
O'ZZVarX: (CE—A)
=0
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Example 5.15 (Arrivals at the library). Some students’ data indicate that between 12:00
and 12:10pm on Monday through Wednesday, an average of around 125 students entered
Parks Library at ISU. Consider modeling LS shudests o 10 mates

M = the number of students entering the ISU library between 12:00 and 12:01pm next Tuesday

A minute.
Model M ~ Poisson(A). What would a reasonable choice of A be?

N\ = '.7',/'0 S12.5 shudets v miante.

Under this model, the probability that between 10 and 15 students arrive at the library
between 12:00 and 12:01 PM is:

P(\O LM Z215)= 1(('1;)+ Hd e £0204 £03) + L)+ (O5)

10 15

e ....-l—.E'_

- 5 -1 ¢ =\1.
: eu ll'g) . ez.s(n'ﬂ' 'I‘L‘(.z.s-)

10! "' \s!

= 0.6
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Example 5.16 (Shark attacks). Let X be the number of unprovoked shark attacks that
will occur off the coast of Florida next year, Model X ~ Poisson()\) From the shark data

e (n¥
at http://www.flmnh.ufl.edu/fish/ sﬁarks/ statistics/FLactivity.htm, 246 unprovoked shark

attacks occurred from 2000 to 2009. A% olftacks i~ 1O yeers

What would a reasonable choice of A be?

A= WMe/1o = 2.6 athiks per geur

Under this model, calculate the following:
f[ [ 9e {e cL nqr'ﬂ-l)'

P[no attacks next year| = P ( X < O)
= §(o)
- 2.6 °
= ¢ Q_:a,gl.

v 2.0% x 10

Plat least 5 attacks| = P( Xz 5)
\ - P(x<5S) a
1= [£6) + £§0) ++6) +£0) + 4§04

[ T 3 9 Y
zu(nb + zwt +z~|.l. o Lt + 24.4 )
! 3! ul

\

\

\-e

~ 0.999999¢
“’"& v _ Plmore than 10 attacks] = P(X"o)

el
;=o3‘,)'_,.w\" = - p(X£10)
=\ - Z$0)
X0 %
.:\ _ én-l“.‘ IO%: l..-é‘”.‘(scz“s'Z)

- 0,.9992L414
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5.2 Continuous random variables

It is often convenient to think of a random variable as having a whole (continuous) interval

for its set of possible values.

The devices used to describe continuous probability distributions differ from those that

describe discrete probability distributions.

Examples of continuous random variables:

2 = e amouat of Arque requind 10 loosea M next bolt Caot n--JcJ)
T= time yoo'll wait for hemertbous

c= T outsde Jc,.lra-de. ot 1139 AM Yo morcon,
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5.2.1 Probability density functions and cumulative distribution functions

cdf

A probability density function (pdf) is the continuous analogue of a discrete random variable’s

probability mass function (pmf).

Definition 5.12. A probability density function (pdf) for a continuous random variable X is

a nonnegative function f(x) with

- - [ 1) @

and such that for all a < b,

. $) =20 ¥=x=

9 S'H‘I)Jx =1 .
3. P[Qe.x f-.la] = iﬂ‘x]dx, acth
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Example 5.17 (Compass needle). Consider a de-magnetized compass needle mounted at its

center so that it can spin freely. It is spun clockwise and when it comes to rest the angle, 6,

from the vertical, is measured. Let

Y = the angle measured after each spin in radians

What values can Y take? Eo / ‘.'LTI']

What form makes sense for f(y

1 £ly)=

€9l

otewye

] has & pesitwn f,.LaL.‘L‘J.-' khtn O ad 2 aud ity
etv“uj lalﬁh + lord oT a«y aﬂy’e [CG/\ S/OM f/w%)

_|°|"6-
SV\\ ¢ -

////

‘l u
If this form is adopted, that What must the pdf be?

l‘:.' f‘ﬂ“ﬂ ‘l) =

<

1

ICA

V1
p]
S
°©
)

We -“'-J Hett Y}
daihlynd Unform (0,271)

o

+'§ JJ



Using this pdf, calculate the following probabilities: ‘

7
<pm4eE) N
S‘F( \L ///5///’ Th
Ny
D'o Ty ///
= dy 4 So 2T dy
o™ LT L
= w1, Tzt
2. P[ <Y <27 = "
— s: ) dy
\~Ply<Z o

L&d“ for &4) [PON, PIVE TN readom "“V‘“"“c x AI-J any ""'"‘-"“""4/

ft)(:a] = 0. o7



Definition 5.13. The cumulative distribution function (cdf) of a continuous random variable

X is a function F such that

F(1) = PIX < ]|= / F(t)dt

/

Come for Mscnte o ths
F(z) is obtained from f(z) by integration, and applying the fundamental theorem of calculus

yields

That is, f(x) is obtained from E(_x.) by differentiation

As with discrete random variables, F' has the following properties:

L F)20 4o M red x

2. F s M“""““J"‘a ‘artas ':'3 (:‘.e, (s never a"t-mw:v’)

o FOIZO ad Jun FEX)Z

I - x5
X
‘ol : \
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Example 5.18 (Compass needle, cont’d). Recall the compass needle example, with

L o<y<or | @
2w 0Sys< L@
fly) = 27
0  otherwise [0) _’__\__Q_,
1
[+] 2.

Find the cdf.

For y < 0

J
= PLysy) = (§pdy = 60"3 =0

For 0 <y <27
o

b o ’_.L" _ -2_
Fly)z P(Ye9) = (Flndy = (P4y + L,_,, y = =

For y > 27 o |
d
F(Y)= P(12y)= 3“““3‘2{"3 +3= Er 3
-
‘ — >
o 3‘0 T ]
F(u,) - YVhw ij.‘.'.lf
y L
\ 9 1 —,
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Calculate the following using the cdf:

F(1.5)
I.S' 3
0415427 =2 F(1§)= T 0.235%

- r(y-?)( or Xf-x)

A“‘A‘ e )_
\ - p(every™") Zp(x>x) + PCx e>¢)
s
.ﬁl'lc & U 4
condatr Y 0o <) x
er) oA o ¢t P(x
F” \};SV" P($77‘)
Py >5 = | = PLY<6]
\ - F(5) z X o.2eMt

/3

- S-fft,)d’

Tl Tile

Pr<v<s= § f(ndy = (H»w;
Th
F(*ffz-) - ¢(%)

1 _ w4l
‘.-I:.I'-z‘t’ [T
A .L =L ~ 0.0813%
" 12

\
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av’lo

5.2.2 Quantiles o

)

Recall: TL" f’ q"“‘k" of & d“"b‘t"*b" °'F A:.;‘ s “ avmbe ’“UL ‘)4‘*{
o fachin p of he dishibut™a lies Aot (eft of Pat um e o-

PR Sy % I-r of M ditnbubm Ligs do 'hﬂ-n‘gua

Definition 5.14. The p-quantile of a random variable, X, is the number Q(p) such that

P[X < Q(p)] =p. '

%

In terms of the cumulative distribution function (for a continuous random variable),

'““}:r«‘ P= PLx< Q(P)] = F(Q(f\) wﬁ:ﬁ,,?:,)ii::"“'%
5‘: \

“\/m ).C. @: Q(P)

Example 5.19 (Compass needle, cont’d). Recall the compass needle example, with

L 0o<y<2?2
f(y){% U=

0  otherwise

Q(.95):

0.5 = P( ¥ = Q(2%))

= F(Qla9)
= Q(495)

2 Golve o 0.('“) 's w
et e o ,f.vu(«'ﬂl (2

= Q(.5)= .95(um) = 5.9¢9

(9 areagr, QS'/o 4[— e Le qu:\s l.n‘“ Jencd a1 t_ﬁ“)
" reslans
or Lelow,
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You can also calculate quantiles directly from the cdf.

0 y<0

Fly) = iy 0<y<2rm

1 otherwise

L) /_\_/m
0,25 = P[Y.‘.Q(.u‘)]
= F(q )
- g(-ls)

AT

Q(.25) = .25 (1rr) = ? ~ |.5F08 vedias

ﬂpb,}i\"‘ ‘ AL - o gL
o ¢ 5
\IQ(5) ,v‘ !“ qa 4 c}.ﬁ- ¢ e

L : - (s
05 ¢Cy2 q(e)) = F(uts) + A2

= Q(5)* 0.5(21) < T2 301(€ refing
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5.2.3 Means and variances for continuous distributions

It is possible to summarize continuous probability distributions using

N Aot en S J'v-'ln/‘ _
1. plot ot ‘,,obul.:t:l-, deasd) funchen (pdtf) ftx) (* :‘»*fﬂf‘”‘ ,,;f.u. Gin eves
et —> O

2. mealu A ‘,F [oﬂw{‘\n (’\‘h or "'f"'ﬁ“‘ V‘Lﬂ)

3. mthiun of {{N“'"‘A (V“/‘.""l‘- or yteded aft.n'schb-n)

Definition 5.15. The mean or expected value of a continuous random variable X is y
1 “Thke fné‘.‘n{.ﬁ J;\q_f"g(l ,ﬁ-’vvy( svovasl €

of lagh dx as fe)dx
g,,,gt}'s EXx Txaflx)dx oad
Jgnv

M EX = 7:vf(:p)d:p

. " EX= Low S xf{x)dax = S'xfh')dx
X | dx—0 ' '

d
Example 5.20 (Compass needle, cont’d). Calculate EY where Y is the angle from vertical

in radians that a spun needle lands on.

L 0<y<2r

0  otherwise

’
Ey= (yflpdy
- 2T it
= (b Jrms e ] o4

—0*

qtr y

T 20 1)L
—_ ,_j—:l - (—2’:’" ::-n-‘
0

N tee €Y Q(,S)) un Jorm Mhabeihuhia 1 ;,Md,fc_
L
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Example 5.21. Calculate EX where X follows the following distribution

‘,{GWH- b4 1'“ P
oo Slove, dene - .
Qoes 42 O- (L'topitals rale)

Definition 5.16. The wvariance of a continuous random variable X is
A
4l -ex))
o o0 t
VarX = / (x —EX)?f(2)dr = / 22 f(x)dr — (EX)*. = E xz',_ (Ex)

—0o0

— v

The standard deviation of X is v/ VarX. a"’, te ‘GMF“N .

SD(X)
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Example 5.22 (Library books). Let X denote the amount of time for which a book on

2-hour hold reserve at a college library is checked out by a randomly selected student and
suppose its density function is

05z 0<x<2
f(z)

0 otherwise

Calculate EX and VarX.

E)(-.: nioc fz)d = fx. 0.5x Jx
—fe (»)

- S‘L 0.: 5 xzdjc
2]

= 9.:.?.98]1-‘- B RIAT
Bl R

EX = S x* f00) dae

= S" 06,5 d>x
0

L
019 ‘6-—
= _....x“] - 7"9*
“ 0

Var X = Eﬁl—(f::x)l
= a- (&)
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Example 5.23 (Ecology). An ecologist wishes to mark off a circular sampling region having

radius 10m. However, the radius of the resulting region is actually a random variable R with
pdf

0 otherwise

Calculate ER and SD(R).
o

ER= (ridr
s-S'l'v-*:;" (IO-A.LJ/‘

Y o2 ) Ar
,%S(\Obr W ry )

\
r’3 ’_q '
= [|uo-—- -V +
4
. ' : 3 q1
= 3 ,(l_l) _ ll-s -LC —_ o .qL 10 1 —_
.._:[loo 2"V st lo "-T._l—. 3 ]

= |0

= 'S.- v A de

1
= C* H"'}" (Ibff) dr

ER

= ;.S (100" —20v* +r ") dr

[\eo-—‘ -10"" ol —']

= 100, €

LS
Var & = EA - (Eﬂ) = 100.6 — \o" = 0.6
sp(Q)= Jrek = J6 o 03718



Why does E(X?) = [ 22f(x)da?

‘ (x)
For amj ‘F“"U‘l'o/\ ? o{ a 0"'5 NV, x) with P’l{- 4

E(40¥) = Saf*’ floe) o

S“’, E(’Y)-S 1.{,(1),(2{_ vlat j{X) X
P‘[S" of a Adiseele 7V X, ui {""'rL §6¢)

Fo( vy -«[—w\(-‘l"{ 3
E(400)= z g(x)c(x)

Example 5.24 (Ecology, cont’d). Calculate the expected area of the circular sampling
region. - he redius of o vrele SwrltLJ reglen
' ' kS
A= e cen of he veede swf"’J rtgon s 3(R) = TR

C—-—'\?

L v
g ER): €T JItiade e
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For a linear function, g(X) = aX + b, where a and b are constants,

E(aX +b) g (c. x+4) §O) A

(-]

= S ox£(x) dx + SLFl-xldz

-0 —0e

Lond b

= o fxbEdx 4 4§ Foadx
= )

1
- GakX+L

V@Y +5) = € ((@X 1)) =(ECax+s)’
= E@”X ¥ 2abx #Y) - (a EX +"T.
= pantr Eaadx rEW - (&X(6A" ¥ WHEX +4¥)
2 a*ex + 2«;& +/"- a*(EX)" - uyéx -}f
= orex—a-(Ex)
- ol ( ext- ( Ey)")
=t VeX

Example 5.25 (Ecology, cont’d). Calculate the expected value and variance of the diameter

. ¥ "-a '

of the circular sampling region. A>Tk rakiag of # rimler sempliag regina
D= Mametiv = j(fﬂ: AR+ 0
e L

-5

(D) f(j(m (1({+0) = JERTO0 = 20
Vo (D)= Vav( 4(8) = Ve [ 2R#0) = 2V R = 4(¢) = 2.9
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Definition 5.17. Standardization is the process of transforming a random variable, X, into

the signed number of standard deviations by which it is is above its mean value.

B s,'ﬂmd—.», e
S X-EX o by by
SD(X) meon ok M)
ha deded devat™

7 has mean 0

)
- X-€ - L x- & =52
_;-D?x)
= -‘— ely) — -E—x-
sol) s0(x)
-0

Z has variance (and standard deviation) 1

- Vo (X E&x
Ve 2= Ve som)
| o= —— L= "'._GL
= )l X -E ) ~ so(x) SDCX
Ner (sotﬂ ’;’ﬁ )

= (.s—:a-m)l Ve X
- _.L- \fcrxi'\
Ver R
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5.2.4 A special continuous distribution

Just as there are a number of useful discrete distributions commonly applied to engineering

problems, there are a number of standard continuous probability distributions.

Definition 5.18. The exponential(«) distribution is a continuous probability distribution

with probability density function

2l
E\(‘rr\. Gl
(v) &5+ 1~
cn E¥g ce T e >0
flz) =
0 otherwise
for a > 0.
2.0-
el
1.5-
a
0.5
~ £
X - .
109 / ot
o= o
057 ~-__ /
oo Bl P T spayApefeytofep ooy lyfplyeleatmieete Tt b
. i > 3 4 5

An Exp(a) random variable measures the waiting time until a specific event that has an

equal chance of happening at any point in time. Ta,y ked of Uke a ‘_.,f-.;“,,.,, qeom et

dist ﬁ")-f"‘"“

Examples:

—Vine Get veam Your arnvd ot - 'ﬁus S"r ord P momet e bas \om €5,
-—.1t""\6 v“l\h‘ M “‘r“- r‘rSCA Ui\"cf l‘rfr#‘ he lﬂ?""j.

— Time Wbl M aigt o cet’det on o sherkl, 4 L.‘jl. ey,
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It is straightforward to show for X ~ Exp(«),

1. u=EX = ?xée‘z/adx =
0

00 =™
2. o2 =VarX = [(z — a)? Lo—z/ady — ad
0

«

cd
Further, F' (x)&,has a simple formulation:

Fer X ¢ 0"
Flx) = P(X %)
={ stodr

= (“0dt =0

Y et = (<
_ ['-e-k &}o z -g 'I-l
X[«
= l-’e-u
o x <0
— F(x)=
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Example 5.26 (Library arrivals, cont’d). Recall the example the arrival rate of students
at Parks library between 12:00 and 12:10pm early in the week to be about 12.5 students
per minute. That translates to a 1/12.5 = .08 minute average waiting time between student

arrivals.

Consider observing the entrance to Parks library at exactly noon next Tuesday and define

the random variable

T = the waiting time (min) until the first student passes through the door.
d = _0%
Using T ~ Exp(.08), what is the probability of waiting more than 10 seconds (1/6 min) for

the first arrival?

?(““””a morc fun |0 sccuds) - P(T"fl)
—_ |
= )-p[0 f'z]
=1-(1-&") = 12

! e % .
. . .‘ L - -'- Mmu*‘ ",
What is the probability of waiting less than 5 seconds? s Sp,“..‘l Y= 2

P(T< L)=P(Teh)=F): (1-c*™) % ¢4

ﬁel‘.‘l“" Sinte T v .L°n+L“°‘“‘J F(T= c) =0 I" ﬁ“ CJ ”\(«i.»J ((1 < L) = «Tf “)
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\qQP

'
5.2.5 The Normal distribution ‘]of’*

/

We have already seen the normal distribution as a “bell shaped” distribution, but we can

.
formalize this. " m,-’ce"

»Q"’
"M

Definition 5.19. The normal or Gaussian(u,oc?) distribution is a continuous probability

distribution with probability density

1 —(x— o
f(z) = W@ (z=p)? /20 for all z € R

for o > 0. “J M eIP\ (lih\l‘-, o \meav)

A normal random variable is (often) a finite average of many repeated, independent, identical

trials.

— Mom wibtn of D gt S0 htimie paligts
“Moa heigt of 30 vhiurts
— Totd %o .J.‘cl-l off Mxt Y0 res of o ddenied process

It is not obvious, but

L f(:r;)dxzif \/2;76_(5”_“)2/2”2@5: l

e pwamebsy 1™ At Lt
2 BX= | vpe G Ay = M, are M,4,“,]\’ ™ men and

Var, 2k of M .!i#r-‘Lul-rH.

3. VarX = ?(:v—,u)2 Lo~ (@=p)?/20% gy — s""
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The Calculus I methods of evaluating integrals via anti-differentiation will fail when it comes
to normal densities. They do not have anti-derivatives that are expressible in terms of

elementary functions.
U‘uf ‘l" dﬂq. Coﬁpw'ef or ust dables of VG‘-IM",’

The use of tables for evaluating normal probabilities depends on the following relationship. If

X ~ Normal(p, 0?),

Pd
Pla< X <b| = / —W w22 g —ZZ/de_ [ <Z<b_“]
N V 2t \/ -0 L\{}G)
a < L ?C"M b% re .
z= 7 r.'\‘-jr.. ot
where Z ~ Normal(0, 1). vaeble.

[}
u sh,db—é“ﬂ\‘h“‘

Cq\ﬂbl areq "V KV _,747‘;:4;;‘

Y/ =
Definition 5.20. The normal distribution with 4 = 0 and o = 1is called the standard Vet * !

=0

normal distribution.

@ﬁwtd’m abeot pn'mlx “’] of N‘f:“]*@*“"‘"d‘ hSgrestin 4o be abot Nlo) rv. —>®L°T:‘“ Lhe.

So, we can find probabilities for all normal distributions by tabulating probabilities for only

the standard normal distribution. We will use a table of the standard normal cumulative

probability function. ( cﬁf)

O(z2) = F(2) = / 127Tet2dt.= Plz fi-J -Z’NN[O‘O.
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2~ N(oy)

Example 5.27 (Standard normal probabilities). P[Z < 1.76]

4o

Pz<1ae) = P2 £ 13¢]
= &%)

~ 0960§

Pl57<Z <132 = PL.SFE 2 €13

Z pleecn) - PL2<.67]
= 3(\n)-2(.5%)

= q0bf— ,H5t = 0-19

e
\ ok ¢ "ﬁu e 1©
Nafﬂ“"' .l..u-} .“ ‘f.b_‘ 2 "‘l "'L‘-T
e w! .
Qq(" 14 ¢ o P(% £z) = - 15
. N 2 . ) e, @(g—):,qf}s

= 0 2 2z
We can also do it in reverse, find z such that P[—z < Z < z] = .95. =7 #*= 1.96
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Example 5.28 (Baby food). J. Fisher, in his article Computer Assisted Net Weight Control
(Quality Progress, June 1983), discusses the filling of food containers with strained plums and
tapioca by weight. The mean of the values portrayed is about 137.2g, the standard deviation
is about 1.6g, and data look bell-shaped. Let

W = the next fill weight.

pud Lt WoN (1322, 1.6%)

Let’s find the probability that the next jar contains less food by mass than it’s supposed to
(declared weight = 135.05g). ‘+,,.lu~‘-'3"’3

- 13722 13{.;15-531.1 4o qel T
P[\u\lél;s.os]: p[\iﬁ_-< _TT—-—] g

W
o

S, fueis @ ‘[’I, chence e "‘Ytd“l‘ Cortars Less food LJ
sy o 1+ 15 somaud fo.
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fable B.3

Standard Mormal Curmulative Probabilities

m{z}zf

r £
exp | — ot

z 00 01 02 03 14 M5 6 07 08 ne
—3.4 | 0003 0003 0003 D003 0003 0003 0003 0003 0003 D002
=33 | 0005 0005 0005 0004 0004 0004 0004 0004 0004 0003
—3.2 | 0007 0007 0006 0006 0006 0006 0006 0005 0005 0005
=3.1 | 0010 0009 0009 0009 0008 0008 0008 0008 0007 0007
3.0 | 0013 0013 0013 o012 o012 0011 0011 001l 0010 D010
2.9 | 0019 0018 0018 0017 Oo0le 0016 D015 0015 0014 D014
—2.8 | 0026 0025 0024 0023 0023 0022 0021 0021 0020 .0O19
=27 | 0035 0034 0033 0032 0031 0030 0029 0028 0027 D026
2.6 | 0047 0045 0044 D043 0041 0040 0039 0038 0037 0036
=25 | 0062 0060 0059 0057 0055 0054 0052 0051 0049 D048
—2.4 | 0082 0080 0078 D075 0073 0071 D069 0068 0066 0064
=23 | 0107 0104 0102 0099 0096 0094 0091 0089 0087 .D0R4
=22 | 0139 0136 0132 0129 0125 0122 0119 0116 0113 0110
=2.1 | 0179 0174 0170  0lee 0162  0I58 0154 0150 0146 0143
=20 | 0228 0222 0217 0212 0207 0202 0197 0192 0188 D183
=19 | 0287 0281 0274 0268 0262 0256 0250 0244 0239 0233
—1.8 | 0359 0351 0344 0336 0329 0322 0314 0307 0301 0294
=17 | 0446 0436 0427 0418 0409 0401 0392 0384 0375 0367
=16 | 0548 0537 0526 0516 0505 0495 0485 0475 0465 0455
=15 | 0668 0655 0643 0630 06l 0806 05394 0582 0571 0559
—1.4 | 0808 0793 0778 07e4 0749 0735 0721 0708 0694 D6eRl
—1.3 | 0968 0951 0934 0918 COO0D) 0885  0B69  0B53  (0B38 0823
=12 | .1151 .1131 .1112 1093 1075 1056 1038  .1020  .1003 0985
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Example 5.29 (More normal probabilities). Using the standard normal table, calculate the
following: -
g (=3
P(X <3),X ~ Normal(2,6{)
P(xe3)= p(¥2 < 122)

)

=p( 2 2 0425) 2N

= %(0.125)
~ 3(0.17)
= .5¢1%

@23
P(X>T7),X ~ Normal(G,ég

- -6

e(x79= P55 > 55

=p(2 >.m) 2niey
=)~ (2 ¢.3333)

= |~ &(.333))

~1-3(.%)

=1=-.6293 = 0.3703
Lz

P(IX — 1| > 0.5), X ~ Normal(2, 1)

t(1x-11795)= P(x-17.5 o« X-14=5)

P(x-12.5) + P(X-1<7.5)

= P(x71.5) % P(*<+S) |

= (k25022 (2 < 43F)
P(2 > -125) + P(2<-.79)

T = 1-p(2¢-25) % P(2 2 ~.75) =1-3(as5) + 3(~%5)
48 == ,10\3+,22¢€¢
=, %253

"



We can find standard normal quantiles by using the standard normal table in reverse.

Example 5.30 (Baby food, cont’d). For the jar weights y ~ Normal(1

Q(0.1).

Table B.3

=P(W £ Q(o.1))

Q(o.1)-13%.2
- 1.61 )

F(0):

= pfW-lI31.2
Pl
= < @Q(0-1) =132
‘D( H.'z.
Qlo1) =
/.62

Standard Mormal Cumulative Probabilities

= Q&’)Z‘.‘ L

£

=)= (=

== Gloa)=1.62 2

F

37.2,1.622), find

/.62

Vlﬁ

\e af

(o:)-mz) gt il

Jewud
\ ‘1&"‘&

0.1) +137.2
F(0.0)%-1.28

[.2
diF) = exp | — ot
z 00 o1 02 03 04 05 06 07 08 09
_3.4 | D003 0003 0003 0003 0003 0003 0003 0003 0003 0002
—3.3 | 0005 0ODS 0005 0004 D0O4 0004 0004 0004 0004 0003
—3.2 | 0007 0007 0006 0006 D006 0006 0DD6 0005 0005 000
—3.1 | 0010  0OD9 0009 D009  DOO8  ODDE  ODDE 0ODR 0007 0007
—3.0 | 0013 0013 0013 0012 0012 0011 0011 0011 0010 0010
-2.9 | 0019 0018 0018 0017 D016 0016 0015 0015 0014 0014
—28 | D026 0025 0024 0023 D023 0022 0021 0021 0020 0019
—2.7 | 0035 0034 0033 0032 0031 0030 0029 0028 0027 0026
2.6 | 0047 0045 0044 0043 D041 0040 0039 0038 0037 0036
—2.5 | D062 D060 0059 0DOST  D0DSS 0054 0052 0051 0049 D04R
—2.4 | D082 DOB0 0078 0DO7S D073 0071 0069 0068 0066 0064
—23 | D107 0104 0102 0099 D096 0094 0091 0OK9 0087 0084
—22 | D139 0136 0132 0129 0125 0122 0119 0116 0113 0110
2.1 | 0179 0174 0170 0166 0162 0IS8 0154 0150 0146 0143
—2.0 | 0228 0222 0217 0212 0207 0202 0197 0192 0188 0183
—1.9 | 0287 0281 0274 0268 0262 0256 0250 0244 0239 0233
—1.8 | 0359 0351 0344 0336 03290 0322 0314 0307 0301 0294
—1.7 | D446 0436 0427 0418 0409 0401 0392 0384 0375 0367
—1.6 | 0548 0537 0526 0516 0505 0495 0485 0475 0465 0455
—1.5 | De6R DRSS 0643 0630 DAIR 0606 0594 0582 0571 0559
—1.4 | DROR 0793 0778 0764 0749 0735 0721 0708 0694 06R1
—1.3 | 0968 0951 0934 D918 0O01 O8RS OBAY  0BS3 0838 0823
—1.2 | 1151 1131 1112 1093 1075 1056 (1038 L1020 NS
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Example 5.31 (Normal quantiles). Find:
Q(0.95) of X ~ Normal(9,3) .
025 =P(x < q(.95))
=p(x=t , R4S - ‘7)
= ST A

-:F(Z < Q______(,q;)i-q) 2~ NCo,))

Jd have also

5 . ’:nl.cs Loo a 1LY o
¢ (49) (ah'.n“;)"

> Q1) = J3 & (619) +1
Q(95) = S(LS)+1= 11.5539

_ _ ~ 0p) '8
¢ such that P(|X — 2| > ¢) = 0.01, X ~ Normal(2,4) pol"‘“l(- [ Voot 0
et

9.0) = P(Ix-2)>c)
= p(X-L>c e x-2<"¢)

= f(‘)(-l >¢) + P(Y'l"‘)
= P(‘!'} 7%) + f’(?-(:_-z- 4-:)

Seled) =P(2>)¥P(2< "2)
= p(2e-t)+P(2 ¢ %)

=22(3)
5 w005 2 8(-5) = F(9)x - £ aFloe) =

50

=7-2(-257) =c
e S.1Y



5.3 Joint distributions and independence (discrete)

u‘n unahl AW, Oal) tallced aboct L rondonn varedle ot a dbae

Most applications of probability to engineering statistics involve not one but several random

variables. In some cases, the application is intrinsically multivariate.

Example 5.32. Consider the assembly of a ring bearing with nominal inside diameter 1.00

in. on a rod with nominal diameter .99 in. If

X = the ring bearing inside diameter

Y = the rod diameter

One might be interested in iy olies bot Lies

/ re- Aonn r&- &
Plthere is an interference in assembly] = P [X < YJ
- e assmuz et he made
Jﬂt ro ;; Nocher a1 n'vj Aiemeter
Even when a situation is univariate, samples larger than size 1 are essentially always used in
engineering applications. The n data values in a sample are usually thought of as subject to

chance and their simultaneous behavior must then be modeled.

cadn ot Buse s
‘, l-,Ja‘+ o thee e

el do 4ok cbost
J7 . L,.,L&-nu ”mu“dw‘v”’lj

This is actually a very broad and difficult subject, we will only cover a brief introduction to

the topic: jointly discrete random variables.
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5.3.1 Joint distributions

For several discrete random variable, the device typically used to specify probabilities is a

joint probability function. The two-variable version of this is defined.

Definition 5.21. A joint probability function (joint pmf 2 for discrete random variables X
and Y is a nonnegative function f(x,y), giving the probability that (simultaneously) X takes

the values x and Y takes the values y. That is, : “mtu“" act

f(z,y) = P[X =z and Y = 3]

Properties:

1. '5(7‘,")6 [o||j £r all x,9

2 o flxy)=1

%Y

For the discrete case, it is useful to give f(x,y) in a table.
.—
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Example 5.33 (Two bolt torques, cont’d). Recall the example of measure the bolt torques

on the face plates of a heavy equipment component to the nearest integer. With

X = the next torque recorded for bolt 3

Y = the next torque recorded for bolt 4
\

the joint probability function, f(z,y), is

X— J—
y\x 11 12 13 14 15 16 17 (18 \ 19 20
20 0 0 0 0 0 0 0 2/34\ 2/34 1/34
19 0 0 0 0¢ 0 0 2/34 |0 0 0
180 0 1/34 1/34 0 0 1/34 [ 1/34|1/34 0
17 0 0 0 0 2/34 1/34 1/34 | 2/3%[0
16 0 0 0 1/34 2/34 2734 0 0 2/34 0
15 1/34 1/34 0 0 3/34 0 0 0 0 0
14 0 0 0 0 1/34 0 0 2/34] 0 0
13 0 0 0 0 1/34 0 0 0 }0 0
\/
PX=18and Y =17 = 1'..
34
P[X =14 and Y = 19| =0

By summing up certain values of f(x,y), probabilities associated with X and Y with patterns

of interest can be obtained.

53



G‘"ﬂ P(x: .3 ord 12 B Px=t1ed Y20) 4. & PUXZ20 o ¥:a)

+.s\‘b".;'.‘4-“41"..|.1 +L 2 0

Consider: (g obiVh Jk;\' H«. '}.1‘ bolt rtﬂu:s 30 9y 31 7y
“ morcoregel bt =
J_‘x\'\ x:'l P[X > Y] ",LH‘ A ym LO“'? —
\\‘\_’Qr . 3
\\\“ﬁ‘ 14151617 18] 19 20
¢ . 3
o x %
K| X| X
£ KK | %
Kl [K | K |K
I XX | XK K |L
Xl ¥ X % | ¥ % [F
XIXKIR K] x| XX
F ol
ATy t:::-"'w . PIX —Y| <1 =p(-2,¥=0)s.. P(u‘-w,v:zo)l l
et IS LA CERE R B
YA T\x (11121314 [15[16 ] 17 18] 19|20
20 x| % _l“ +J- P
M 3 3
19 oK | X| x
18 % | X | %X - Jli'
17 Xl K| x Y4
16 || K
15 x| x| X
14 K| H*|*
13 W X | X

PIX = 17] = p(xe 13, ¥320) 4.4 P(X=17 Y=13)

2 < [
M 34 M ™

18 119 | 20

y\x | 1112 [ 13|14 | 15| 16
20
19
18
17
16
15
14
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5.3.2 Marginal distributions 4he l‘"'(q“

L}
orNd
In a bivariate problem, one can add down columns in the (two-way) table of f(z,y) to get

values for the probability functi-c.)-rr of X, fx(z) and across rows in the same table to get
values for the probability distribution of Y, fy(y).

Definition 5.22. The individual probability functions for discrete random variables X and
Y with joint probability function f(z,y) are called marginal probability functions. They are

obtained by SllI_IlmiIlE f(x. 1) values over all possible values of the other variable, Hm ":7 rne I’.&‘/ah.,‘

t-—“'

e
furch 203

[WARER \
\es «0( )

Fx(@) = 3w, y) e Lencton of x

fr(y) = Zf(%y) & furch™ O‘ 17

Example 5.34 (Torques, cont’d). Find the marginal probability functions for X and Y from

the following joint pmf.

f—'\/‘"" -

Y\ 1L 12 13 14 15 16 17 18 19 20 |§ (%)
20 0 0 0 0 0 0 0 2/34 2/34 1/340 'shw
19 0 0 0 0 0 0 2/34 0 0 0 2/34
18 0 0 1/34 1/34 0 0  1/34 1/34 1/34 0 5134
J17 0 0 0 0 2/34 1/34 1/31 2/34 0 0 6/ 3"
16 0 0 0 1/34 2/34 2/34 0 0 2/34 0 /34
15 1/34 1/34 0 0 3/34 0 0 0 0 0 5/
14 0 0 0 0 1/34 0 0 2/34 0 0 3|
13 0 0 0 0 1/34 0 0 0 0 0 V2Y)

f'x(qs) Vo o B YAy Y Y B 234 Shw By

X[ S0 g )

I /34 13 “/3 ert ’l& mcr’l'na, ‘Or" buLn ‘J}

1 V;" 1 3"-‘\1 )

| v 15 | 50 ‘Fw»a"tms Sor X ond r

| /M |6 %/31

(g | /3 % | ¢/

(¢ |3/ 1y | s/34

e Hiyu

YREL "] /e

G | 53 20 | S /35

20 §'/3v



Getting marginal probability functions from joint probability functions begs the question
whether the process can be reversed. Can we find joint probability functions from
marginal probability functions? pr aeless cnl |

Consid er X a-dY with Jo'rl distbuting ’

Smnu..mcra‘us)
\ y R 3 ‘?‘L | X > - bt d‘w joah‘}f!
I ] 0 Ol M V|t Ltb . 03| .1 = we cenot retore
0 4 o4 ° oL . .08 0ot Ao
L . ¢ w-eo.‘u.\s aloae
3 O o |‘L l Y X 3 .0‘ ¢°i ,6'1 oL (‘Hco\ More '
M £y 4 SN _ (~formet on) !

5.3.3 Conditional distributions

When working with several random variables, it is often useful to think about what is expected

of one of the variables, given the values assumed by all others.

for Uxongle, inthe belt terquc txc.m‘.lc, ou oughl fo ket gome expectehims
a')&v'r Ln.” Y -|-u-qv-(. l‘} Yyou kwew Lv H' 3 -kbk IS ’L! +v 'oejen.

Definition 5.23. For discrete random variables X and Y with lgiw .grobability function
What
f(z,y), the conditional probability function of Xis the function of x

Sy Sy Jeut
fXT|Y(:L“|y) = Fr(y) Xxjf(x,y) m9‘~“| of ¥ uty

l'ji\un"

and the conditional probability function of Y given X = x is the function of y

fay) _ fley) _gewt
fx(x) %f(%y) remined of R ot

fyix(ylz) =

1 lese o

gebebih fumikions
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Example 5.35 (Torque, cont’d). For the torque example with the following joint distribution,

find the following:

‘E(i’.u) _ 1/ 34 - 3-?_
L. fyix(20[18); F[‘I'-Iolx""‘]"‘ £,09) 7/
2. fyx(y[15)
3. fyix(y]20)
PN\ 11 12 13 14 15 16 17 18 19 20 | fy(y)
20  0/34 0/34 0/34 0/34 0/34 0/34 0/34 2/34 2/34 1/34| 5/34
19  0/34 0/34 0/34 0/34 0/34 0/34 2/34 0/34 0/34 0/34| 2/34
18 0/34 0/34 1/34 1/34 0/34 0/34 1/34 1/34 1/34 0/34| 5/34
17 0/34 0/34 0/34 0/34 2/34 1/34 1/34 2/34 0/34 0/34| 6/34
16 0/34 0/34 0/34 1/34 2/34 2/34 0/34 0/34 2/34 0/34| 7/34
15 1/34 1/34 0/34 0/34 3/34 0/34 0/34 0/34 0/34 0/34| 5/34
14 0/34 0/34 0/34 0/34 1/34 0/34 0/34 2/34 0/34 0/34| 3/34
13 0/34 0/34 0/34 0/34 1/34 0/34 0/34 0/34 0/34 0/34| 1/34
fx(z) 1/34 1/34 1/34 2/34 9/34 3/34 4/34 7/34 5/34 1/34|34/34
. 5015,9) o
3 ’fm(ﬂ 5)- 5 (15) 3. i (9120)
Y | e ms) | §,(yl2e)
13 QA /(73 = /4 0 )
4 (w;«]/f“f%)_'—-‘:::l 0
15 | gy a0 =3 0
16 |G opa = 2/ g
ks h-hﬂ/ﬁn‘]z”
s | G 0
13 X)) = (1)
0| O h(zﬂ)/‘/"‘)-l x| Suy
" o -
1% 2 o
Y. f"\‘l (‘X‘\g)f- i(_ﬁ)- :3 (3Gl =5
£, (%) | osaresin=YS
1 14 (o)
6| o
(] Cna/ (5= VYs
1§ | evsareim=vs
|q ( V'l,q'}/(ﬂ 1\ VS
20| o
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5.3.4 Independence

Recall the following joint distribution:

e 12 3 /(Y
3 0.08 0.08 0.04| 0.20
0.16 0.16 0.08 | 0.40

1 0.16 0.16 0.08 | 0.40
fX(:Jc) 0.40 0.40 0.20| 1.00

What do you notice?

\p:"'r E@ N‘fﬁ;ﬂl“ are the Same

@.}E owll P[x:'" ) 77-'3] 4 P()( -.'.x] P[‘I = ,]

§(3.9)
L)A\$0, 5'1“(13 ‘ 3) = _{T;;’B

2\ Sy i)
l .09/-?_:.'1
2 08/
3 | «01/2=.1

e;

I flx9) = £,1%) F5CY)

ThA
_;m (y'x) =

e

HX)“I) = "‘F‘fﬁ’)
) INE

Se, F‘[l)‘ (‘Jln:‘}'l “)) . Adu"] 4hig 15 Tne for l) ve lees of 2.

N

is, independence means that

f(xy) = fx(@)fr(y)
P(X:x,‘l:ﬂ = P[x=) PCy=y) dz,"_

be 0"“"‘ {V,

————

for all x,y.

If this does not hold, then X and Y are dependent.

Alternatively, discrete random variables X and Y are independent if for all 2 and v,

S P = £l and iy (1) = ()

~f“v tion function f(z,y) is the product of their respective marginal probability functions. This
o

F

If X andY are not only independent but also have the same marginal distribution, then they

are independent and identically distributed (iid).
— d

e

N
sy lsame ﬁw,ma\'

i.c. kalwt‘ﬁj ulr‘t\ldu X -'-» *“l do&h"’ h.,..nfr in Qlus"‘t"a} aL-vT Y‘

v
D A Definition 5.24. Discrete random variables X and Y are independent if their joint distribu-
®

equiedeT



. . ‘anS
5.4 Functions of several random variables A'*"h‘wh (2
[t
)
We’ve now talked about ways to simultaneously model several random variables. An important
engineering use of that material is in the analysis of system output that are functions of
==

random inputs.

5.4.1 Linear combinations

For engineering purposes, it often suffices to know the mean and variance for a function
— ﬁ

of several random variables, U = ¢(Xi, Xs,...,X,) (as opposed to knowing the Evhole

distributioﬂjof U). When g is linear, there are explicit functions.
L When noT tinew, €on'T necessery 9o this a4 Geaeed form.

Proposition 5.1. If X, X5,..., X,, are n independent random variables and ag,ay, ..., a,

are n + 1 constants, then the random variable U = ag + a1 X1 + asXs + - - - + a, X,, has mean
U is aline combintion of XK., X

S EU = g+ @ EX, + a2EXs + -+ 0,EXyy [ Inis bolds evea of
X Ra o ot tndpedts

and variance

VarU = a3 VarX, + a3 VarXs + -+ +a? VarXp ( need | d? endsuce L-uc)

IJ&& o-" fmof-'. )
Fer n=, yont fNL“L‘L‘S Hunchen 'f(xl ,'xt] = F[X'-‘- xuxl.'; xt] ( A5 eete Cﬁg.)

T BU= E(at0.X, + 0%) (4t ot V)

= Z z (%1- a, >, + “2.71) -f(";)xz) e (44',, of 35:4.:
Ywigr Vi 3 Jor
* Y a-‘swk(v})
= Ooiz'g(xl)xl) + ai'):z:x.f(x,,*ﬂ * inz z‘).f(xl)-xl)
t“i‘_’)i"'—-—f—J XNy ), Xy
* . ) £x, Z F(x,,20)
i"ni"’(x;ﬂ(-.,) *v |1‘ )
g =5, ()
= 5',‘("‘11
Bad) _ &L R
Exl 59 Exl

= Qe+ a‘ E*. + alex; Simile rdee ‘Lf Vir u



Example 5.36. Say we have two independent random variables X and Y with EX =
3.3, VarX = 1.91,EY = 25, and VarY = 65. Find the mean and variance for

EV= E(3+2x-3y)
3+ 28X -3¢

9+ 2.(!."‘»)"3(25) = ~¢5.4

"

]

1]

U=3+2X-3Y

V=-4X+3Y
W =2X -3Y
Z =—-4X —-6Y

Ver U= Ver (34 25 -3y)

= (D Ve X +(3)Ve )
= Y(ra)+ 9(65) =592.¢4

L

BV = E(ux4y)
= SMEX+3EY
TTH0a) +309) = ¢, 8

VeV = Ver (4% 437)
= (W)X + () Ve Y
=1604) +a(¢s) = ¢1s.5¢

Ver W= Ver (2%~ 6y)
= v X + (-5)* Very
= 4(l) +25(69)= |€32:¢Y

gw= €(2x-51)
= AEX - SEY
=103)-5G1)=-ni4
_—
Ez = E(vx- ¢y)
T <YEey-CEY

= -4 (3.3)-6(25)= -143,2

‘Iar? - Vﬁ/‘ (_"x -(u‘f)

= (—H)‘- Vc,-x + C_L)'L Ve Y

60
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ﬁul‘ X Q\Jv
ot iA(‘J.PﬂAdO»"’-

Vv
Example 5.37. Say X ~ Binomial(n = 10,p = 0.5) and Y ~ Poisson(\ = 3). Calculate
the mean and variance of Z =5+ 2X — 7Y

Torst n'll
EX=wnp= 16(5)=5
Var X=np(1-p) = lo(:5) (5) = 25

EN= =13
\e-rY=s 2=3

Thea EZ:=€E(S +2% =77)
= 5 4+ agY -2EY
= 5+2(5)-2()
= -6
Var 2= Ve (5 +2%- )
= 2 Ve X + (-3) Ve Y
= Y4 (2.9) +4a(»)
=15%
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A particularly important use of Proposition 5.1 concerns n iid random variables where each

3=

a; —

We can find the mean and variance of the random variable

1 1
X=-X+ - -X, =
n n

as they relate to the population parameters ;. = EX; and 0% = VarX;.

2

For independent variables Xy, ..., X,, with common mean p and variance o*,

EX =

VarX =

62



Example 5.38 (Seed lengths). One botanist measured the length of 10 seeds from the same
plant. The seed lengths measurements are Xq, Xo,..., Xj9. Suppose it is known that the

seed lengths are iid with mean p = 5 mm and variance o2 = 2mm.

Calculate the mean and variance of the average of 10 seed measurements.

5.4.2 Central limit theorem

One of the most frequently used statistics in engineering applications is the sample mean.
We can relate the mean and variance of the probability distribution of the sample mean to

those of a single observation when an iid model is appropriate.
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Proposition 5.2. If Xy,...,X,, are iid random variable (with mean p and variance o),

then for large n, the variable X is approzimately normally distributed. That is,

X ~ Normal (,u, —)
n

This is one of the most important results in statistics.

Example 5.39 (Tool serial numbers). Consider selecting the last digit of randomly selected

serial numbers of pneumatic tools. Let

W1 = the last digit of the serial number observed next Monday at 9am

W5 = the last digit of the serial number observed the following Monday at 9am

A plausible model for the pair of random variables Wy, W5 is that they are independent, each

with the marginal probability function

d w=0,1,2,...,9

flw) =
0 otherwise

0.100

0.075-
3 0.050]
=

0.025-

O.OOO- T T T T

0.0 2.5 5.0 7.5

w

With EW = 4.5 and VarWW = 8.25.
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Using such a distribution, it is possible to

see that W = (W, + Wa) has probability

distribution
w fw)| w fw)| w fw| w fw|w f[fw)
0.00 0.01 | 2.00 0.05 |4.00 0.09 |6.00 007 | 8 0.03
0.50 0.02 | 2,50 0.06 | 4.50 0.10 | 6.50 0.06 | 85 0.02
1.00 0.03 | 3.00 0.07 | 5.00 0.09 | 700 0.05 | 9 0.01
1.50 0.04 | 3.50 0.08 | 5,50 0.08 | 7.50 0.04

0.100+

0.075+

f(w)

Comparing the two distributions, it is clear that even for a completely flat/uniform distribution
of W and a small sample size of n = 2, the probability distribution of W looks more bell-shaped
than the underlying distribution.

w

Now consider larger and larger sample sizes, n = 1,...,40:

Click for video...

65
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0.0 2.5 5.0 7.5




clt_animate.mp4
Media File (video/mp4)


Example 5.40 (Stamp sale time). Imagine you are a stamp salesperson (on eBay). Consider

the time required to complete a stamp sale as S, and let

S = the sample mean time required to complete the next 100 sales

Each individual sale time should have an Exp(a = 16.5s) distribution. We want to consider

approximating P[S > 17].
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Example 5.41 (Cars). Suppose a bunch of cars pass through certain stretch of road.
Whenever a car comes, you look at your watch and record the time. Let X; be the time
(in minutes) between when the i*" car comes and the (i + 1) car comes for i = 1,...,44.
Suppose you know the average time between cars is 1 minute. Find the probability that the

average time gap between cars exceeds 1.05 minutes.
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Example 5.42 (Baby food jars, cont’d). The process of filling food containers appears to
have an inherent standard deviation of measured fill weights on the order of 1.6g. Suppose
we want to calibrate the filling machine by setting an adjustment knob and filling a run of n
jars. Their sample mean net contents will serve as an indication of the process mean fill level

corresponding to that knob setting.

You want to choose a sample size, n, large enough that there is an 80% chance the sample

mean is within .3g of the actual process mean.
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Example 5.43 (Printing mistakes). Suppose the number of printing mistakes on a page
follows some unknown distribution with a mean of 4 and a variance of 9. Assume that number

of printing mistakes on a printed page are iid.

1. What is the approximate probability distribution of the average number of printing

mistakes on 50 pages?

2. Can you find the probability that the number of printing mistakes on a single page is
less than 3.87

3. Can you find the probability that the average number of printing mistakes on 10 pages

is less than 3.87

4. Can you find the probability that the average number of printing mistakes on 50 pages

is less than 3.87
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Table B.3

Standard Normal Cumulative Probabilities

d(2) = / L exp (—t2> dt
_ 2 2
z 00 01 02 03 04 05 06 07 08 09
—3.4 | 0003 0003 0003 0003 0003 0003 0003 0003 .0003 .0002
—3.3 | 0005 0005 .0005 0004 0004 0004 0004 0004 0004 .0003
—3.2 | 0007 0007 .0006 0006 0006 0006 0006 .0005 .0005 .0005
—3.1 | 0010 .0009 0009 0009 0008 .0008 .0008 .0008 .0007 .0007
-3.0 | 0013 0013 0013 0012 0012 0011 0011 0011 .0010 .0010
-2.9 1| 0019 0018 0018 0017 0016 0016 0015 0015 0014 0014
—2.8 | 0026 0025 0024 0023 0023 0022 0021 0021 .0020 .0019
—2.7 | 0035 0034 0033 0032 0031 0030 .0029 0028 .0027 .0026
—2.6 | 0047 0045 0044 0043 0041 0040 0039 0038 .0037 .0036
—2.5 | 0062 0060 0059 0057 0055 0054 0052 0051 .0049 .0048
—2.4 | 0082 0080 0078 0075 0073 0071 0069 0068 0066 .0064
—2.3 | 0107 0104 0102 0099 0096 0094 0091 0089 0087 .0084
—2.2 | 0139 0136 0132 0129 0125 0122 0119 0116 0113 0110
—2.1 | 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143
—2.0 | 0228 0222 0217 0212 0207 0202 0197 0192 0188 0183
—1.9 | 0287 0281 0274 0268 0262 0256 0250 .0244 0239 .0233
—1.8 | 0359 0351 0344 0336 0329 0322 0314 0307 0301 .0294
—1.7 | 0446 0436 0427 0418 0409 0401 0392 0384 0375 .0367
—1.6 | 0548 0537 0526 0516 0505 0495 0485 0475 0465 .0455
—1.5 | 0668 0655 0643 0630 0618 0606 0594 0582 0571 .0559
—1.4 | 0808 0793 0778 0764 0749 0735 0721 0708 0694 .0681
—1.3 | 0968 0951 0934 0918 0901 0885 0869 0853 0838 .0823
—1.2 | 1151 1131 1112 1093 1075 .1056 .1038 .1020 .1003  .0985
—1.1 | 1357 1335 1314 1292  .1271  .1251 .1230 .1210 .1190 .1170
—1.0 | .1587 .1562 1539  .1515 1492 1469  .1446  .1423 1401 .1379
—0.9 | .1841 1814 1788 .1762 .1736 .1711 .1685 .1660 .1635 .1611
—0.8 | 2119 2090 2061 2033 2005 .1977 1949 1922 1894 1867
—0.7 | 2420 2389 2358 2327 2297 2266 2236 2206 2177 2148
—0.6 | 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
—0.5 | 3085 3050 .3015  .2981 2946 2912 2877 2843 2810 2776
—0.4 | 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121
—0.3 | 3821 3783 3745 3707 3669 3632 3594 3557 3520 3483
—0.2 | 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
—0.1 | 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
—0.0 | 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641




Table B.3

Standard Normal Cumulative Probabilities (continued)

l

Z .00 01 02 03 04 05 06 07 08 .09
00 | 5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
0.1 | 5398 5438 5478 5517 5557 5596 5636 5675 5714 5753
02 | 5793 5832 5871 5910 5948 5987 6026 6064 6103 6141
03 | 6179 6217 6255 6293 6331 6368 .6406 .6443 6480  .6517
04 | 6554 6591 6628 .6664 6700 6736 6772 .6808 .6844 6879
0.5 | 6915 6950 6985 7019 7054 7088 7123 7157 7190 7224
0.6 | 7257 77291 77324 7357 77389 7422 7454 7486 7517 7549
0.7 | 7580 7611 7642 7673 7704 7734 7764 7794 7823 7852
0.8 | 7881 7910 7939 7967 7995 8023 .8051 .8078 .8106  .8133
09 | 8159 8186 .8212 8238 8264 .8289 .8315 8340 8365 .8389
10 | 8413 8438 .8461 8485 8508 8531 .8554 8577 8599  .8621
1.1 | 8643 8665 .8686 8708 8729 8749 8770 8790 8810  .8830
12 | 8849 8869 .8888 .8907 .8925 8944 8962 8980 8997 9015
1.3 | 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177
14 | 9192 9207 9222 9236 9251 9265 9279 9292 9306 9319
1.5 | 9332 9345 9357 9370 9382 9394 9406 9418 9429 9441
1.6 | 9452 9463 9474 9484 9495 9505 9515 9525 9535 9545

=17 | 9554 9564 9573 9582 9591 9599 9616 9625 9633
1.8 | 9641 9649 9656 9664 9671 9678 9686 9693 9699 9706
1.9 | 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
20 | 9773 9778 9783 9788 9793 9798 9803 9808 9812 9817
2.1 | 9821 9826 9830 9834 9838 9842 9846 9850 9854 9857
22 | 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890
23 | 9893 9896 9898 9901 9904 9906 9909 9911 9913 9916
24 | 9918 9920 9922 9925 9927 9929 9931 9932 9934 9936
25 | 9938 9940 9941 9943 9945 9946 9948 9949 9951 9952
26 | 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
27 | 9965 9966 9967 9968 9969 9970 9971 9972 9973 9974
28 | 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981
29 | 9981 9982 9983 9983 9984 9984 9985 9985 9986 9986
30 | 9987 9987 9987 9988 9988 9989 9989 9989 9990  .9990
3.1 | 9990 9991 9991 9991 9992 9992 9992 9992 9993  .9993
32 | 9993 9993 9994 9994 9994 9994 9994 9995 9995  .9995
33 ] 9995 9995 9996 9996 9996 9996 9996 9996 9996 9997
34 | 9997 9997 9997 9997 9997 9997 9997 9997 9997  .9998

This table was generated using MINITAB.
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